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LENGTH SPECTRUM COMPACTIFICATION OF THE
SO0(2, 3)-HITCHIN COMPONENT
CHARLES OUYANG AND ANDREA TAMBURELLI
Abstract. We find a compactification of the SO0(2, 3)-Hitchin component by
studying the degeneration of the induced metric on the unique equivariant max-
imal surface in the 4-dimensional pseudo-hyperbolic space H2,2. In the process,
we establish the closure in the space of projectivized geodesic currents of the
space of flat metrics induced by holomorphic quartic differentials on a Riemann
surface. As an application, we describe the behavior of the entropy of Hitchin
representations along rays of quartic differentials.
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Introduction and Main Results
This article is the third in a series of papers ([Ouy19], [OT20]) on the study of
length spectrum compactifications of special connected components of representa-
tion varieties, called Hitchin components. These were first discovered by Hitchin
using Higgs bundle techniques ([Hit87], [Hit92]) and have been studied since then by
many authors ([Wie18]) because of their beautiful geometric and dynamical prop-
erties ([Gui08], [GW08]). In particular, Labourie ([Lab17]) showed that for every
Hitchin representation ρ : π1(S) → G of the fundamental group of a closed surface
S into a semi-simple Lie group G of rank 2, there is a unique ρ-equivariant minimal
embedding of the universal cover of S into the symmetric space G/K. In the case of
G = PSp(4,R), this implied a parametrization of the PSp(4,R)-Hitchin component
by the bundle Q4(S) of holomorphic quartic differentials over the Teichmüller space
T(S) of S. Later, exploiting the exceptional isomorphism PSp(4,R) ∼= SO0(2, 3), a
new interpretation of Labourie’s result was found in terms of pseudo-Riemannian ge-
ometry ([CTT19]): the unique ρ-equivariant minimal immersion into the symmetric
space arises as the Gauss map of the unique ρ-equivariant maximal surface (i.e with
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vanishing mean curvature) in the pseudo-hyperbolic space H2,2. Moreover, the data
in Q4(S) parametrizing SO0(2, 3)-Hitchin representations correspond to the embed-
ding data of the maximal surfaces: the point in Teichmüller space is the conformal
class of the induced metric and the holomorphic quartic differential determines the
second fundamental form.
In this paper, we start from this pseudo-Riemannian interpretation in order to
describe a compactification of the SO0(2, 3)-Hitchin component, generalizing Bona-
hon’s approach to Thurston’s compactification of Teichmüller space by way of geo-
desic currents. We consider the space Ind(S) of induced metrics on maximal surfaces
in H2,2 that are equivariant under an SO0(2, 3)-Hitchin representation and we prove
the following:
Theorem A. The space of induced metrics Ind(S) is parametrized by Q4(S)/S1
where S1 acts by multiplication on the quartic differentials. Moreover, all metrics in
Ind(S) are negatively curved.
A similar phenomenon has been described for the induced metrics on minimal
surfaces in H2 ×H2 which are equivariant under pairs of discrete and faithful repre-
sentations into PSL(2,R) ([Ouy19]) and for the induced metrics on affine spheres in
R
3 in the context of SL(3,R)-Hitchin representations ([OT20]). However, this is the
first case in which the differential equation determining the induced metric starting
from the data (σ, q) ∈ Q4(S) is a fully coupled system of nonlinear PDEs, which
makes the analysis more challenging.
By a result of Otal ([Ota90]), we can then uniquely associate to any g ∈ Ind(S)
a geodesic current µg, which is a π1(S)-invariant Radon measure on the space of
unoriented biinfinite geodesics of S encoding the length spectrum of g, that is, the
collection of lengths of closed geodesics for g. Because the space of projectivized
geodesic currents PC(S) is compact, in order to find a compactification of Ind(S),
and thus of the SO0(2, 3)-Hitchin component, it is sufficient to describe the behavior
of the length spectrum of induced metrics corresponding to diverging sequences of
Hitchin representations up to scalar multiplication. We can show the following:
Theorem B. Let (σn, qn) ∈ Q4(S) be a diverging sequence and let gn denote the
corresponding sequence of induced metrics with associated geodesic currents µn. Then
there is a sequence of constants cn > 0 such that cnµn converges, up to subsequences,
to a mixed structure µ∞ ∈ PMix(S) ⊂ PC(S). Moreover, any mixed structure can be
attained as the limit of a suitable diverging sequence.
Here a mixed structure is a geodesic current that comes from a flat metric with cone
angles 2π+ kπ2 on a subsurface and forms a measured lamination on the complement.
The main idea behind the proof of Theorem B lies in a comparison between the
induced metric on the maximal surface associated to the data (σ, q) ∈ Q4(S) and the
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flat metric |q| 12 with cone singularities. We show that for any diverging sequence in
Q4(S), their limiting geodesic currents are mixed structures that enjoy the same de-
composition into subsurfaces and coincide in their non-laminar part. Thus Theorem
A follows once we establish that the closure in PC(S) of the space of flat metrics with
conic singularities Flat4(S) coming from holomorphic quartic differentials is exactly
PMix(S). This extends previous results for singular flat metrics coming from qua-
dratic ([DLR10]) and cubic differentials ([OT20]).
As an application of our estimates, we also describe the behavior of the volume
entropy of the induced metric on the equivariant maximal surfaces along rays of
quartic differentials:
Theorem C. Along a ray of quartic differentials on a fixed Riemann surface, the
volume entropy of the induced metrics decreases monotonically to 0.
Again, similar results have been proved for the induced metrics on affine spheres
([Nie15]) and equivariant maximal surfaces in anti-de Sitter space ([Tam20]), but
this is the first time this analysis involves a system of PDEs. Moreover, it follows
from Theorem C that the volume entropy is maximal at the Fuchsian locus, thus
recovering one of the results in [CTT19] with completely different techniques.
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1. Background
1.1. Higgs bundles. In the study of Hitchin representations into rank 2 semi-
simple Lie groups, PSp(4,R) is the first instance where the study of a particular
class of geometric objects follows chronologically from the analysis on the equa-
tions governing the Higgs bundle, namely the Hitchin equations. In the previous
cases of PSL(2,R) × PSL(2,R) and SL(3,R), the study of the associated geomet-
ric objects precedes the study of their corresponding Higgs bundles. In the case of
PSL(2,R)×PSL(2,R), the associated geometric objects are minimal Lagrangians in
H
2 × H2, which was first studied by Schoen ([Sch93]) as part of a way to define a
midpoint map on Teichmüller space using harmonic maps. The Hitchin equations in
this setting are precisely the Bochner formulas for harmonic maps between hyper-
bolic surfaces (see [Hit87], [Wol89]). For SL(3,R), the geometric objects are affine
spheres in R3, the study of which dates back to T
,
it
,
eica, followed by Blaschke, Calabi,
Cheng-Yau, and others (see [Lof10]). In the Higgs bundle interpretation, the Hitchin
equations in this setting are the structural equations for hyperbolic affine spheres in
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R
3. As Higgs bundles play the motivating role of our study of equivariant maximal
surfaces in H2,2, we provide a cursory introduction to the theory of Higgs bundles.
Many excellent references in the literature exist ([Gui18],[Li19], [Wen16], [Wie18]),
and we make no attempt to count this section among them.
Let X be a Riemann surface structure on S. If KX denotes its canonical bundle,
then a Higgs bundle is a pair (E,Φ), where E is a holomorphic vector bundle on X
and Φ, called the Higgs field, is a holomorphic section of the bundle End(E) ⊗KX .
We will primarily be concerned with Higgs bundles which are both (poly)-stable
and cyclic. We say a Higgs bundle (E,Φ) is stable if for every non-zero Φ-invariant
subbundle F, the slope condition
deg(F)
rank(F)
<
deg(E)
rank(E)
is satisfied. A Higgs bundle is said to be polystable if it is a direct sum of stable
Higgs bundles.
To the pair (E,Φ), the Hitchin equations are the coupled pair of equations
∂EΦ = 0
F∇
∂
E
,H
+ [Φ,Φ∗H ] = 0,
(1.1)
where ∂E is the complex structure on the bundle E, and H is a Hermitian metric on
E. Here ∇∂E,H is the Chern connection, which is the unique connection compatible
with H and whose (0,1) part is the complex structure on E. The (poly)stability con-
dition guarantees that there is a solution to the Hitchin equations ([Sim92], [Hit87]).
A Higgs bundle (E,Φ) is said to be cyclic if the bundle E splits holomorphically
into a sum of line bundles, that is,
E = L1 ⊕ L2 ⊕ ...⊕ Ln
and the Higgs field is of the form
Φ =

0 γn
γ1 0
. . .
. . .
γn−1 0
 .
In particular, a Higgs field may be regarded as a bundle map Φ : E → E ⊗ K, so
the cyclicity condition says the Higgs field is a collection of graded bundle maps
γi : Li → Li+1 ⊗ K, for 1 ≤ i ≤ n − 1 and γn : Ln → L1 ⊗ K. For cyclic Higgs
bundles, the Hitchin equations are more treatable: one can show ([Bar15], [Col16])
that the Hermitian metric H satisfying the Hitchin equations must be diagonal H =
diag(h1, h2, . . . , hm, h
−1
m , · · · , h−11 ) (we assume here n = 2m, which is the case of
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interest in this paper) in the holomorphic splitting described above and the Hitchin
equations reduce to the following system of PDEs
∆ log(h1) + |γ1|2h−11 h2 − |γn|2h21 = 0
∆ log(hk) + |γk|2h−1k hk+1 − |γk−1|h−1k−1hk = 0 for k = 2, . . . ,m− 1
∆ log(hm) + |γm|2h−2m − |γm−1|2h−1m−1hm = 0
(1.2)
where γi is holomorphic. Here the equations are written in local coordinate charts
U of S and we have denoted by ∆ the operator ∂¯∂, which is one quarter of the usual
Laplacian.
1.2. The non-abelian Hodge correspondence. The non-abelian Hodge corre-
spondence furnishes a dictionary between representations and Higgs bundles by way
of harmonic maps. In his seminal paper [Hit87], Hitchin introduced the notion of a
Higgs bundle and the Hitchin equations in order to study surface group representa-
tions into PSL(2,C), though the correspondence can be shown to hold in greater gen-
erality. Here, we describe the non-abelian Hodge correspondence for G = GL(n,C)
(for particular subgroups of GL(n,C), additional properties must be imposed on the
Higgs bundle: for instance if G = SL(n,C), the trace of the Higgs field φ must van-
ish; in the present setting where G = Sp(4,R), the associated flat connection ∇ will
preserve a real subbundle ER and a symplectic form ω, see Section 1.4).
The representation variety Hom(π1(S),GL(n,C))/GL(n,C) consists of represen-
tations of the fundamental group to the group G = GL(n,C) up to conjugation.
From such a representation ρ, one may form an associated smooth rank n complex
vector bundle as follows: first form the trivial bundle S˜×Cn, then take the quotient
Eρ := S˜ ×ρ Cn by the identification (x˜, v) ∼ (γ · x˜, ρ(γ) · v), for γ ∈ π1(S). The flat
structure on the trivial bundle descends to a flat structure on Eρ, and hence equips
Eρ with a flat connection ∇. From a flat connection on a rank n complex vector
bundle E over S, one may recover the (conjugacy class of the) representation by
taking its holonomy representation. The flatness condition guarantees the holonomy
depends solely on the homotopy class of the loop, and not just the loop itself.
Given a Hermitian metric on (E,∇), one may uniquely write the connection ∇ as
a sum of a unitary connection ∇H and a H-Hermitian 1-form ψH with coefficients
in End(E). If a Riemann surface structure X is chosen on S, then one may further
decompose ∇H and ψH by type. In short, one has
∇ = ∇H + ψH
= ∇1,0H +∇0,1H + ψ1,0H + ψ0,1H .
Work of Donaldson and Corlette shows how one can construct a stable Higgs bundle
from this data.
Theorem 1.1 ([Don87], [Cor88]). If ∇ is a flat irreducible GL(n,C) connection
on a vector bundle E over X, then there exists a unique (up to a scalar multiple)
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Hermitian metric H so that (E,∇0,1H , ψ1,0H ) is a stable GL(n,C)-Higgs bundle over
X.
The theorem is proven using harmonic maps, and the role of the Riemann surface
structure chosen along with the associated Hermitian metric and the harmonic map
will play an important role in the sequel and so we make a brief digression to discuss
the basics of harmonic maps. Recall a harmonic map f : (M,g) → (N,h) between
two closed Riemannian manifolds is a Lipchitz map which is a critical point of the
energy functional
E(f) =
1
2
ˆ
M
|df |2dAg.
When the domain is a surface, the energy of a map is invariant when replacing the
domain metric with a different metric in the same conformal class. Hence, harmonic
maps are well-defined when the domain is a Riemann surface.
A Hermitian metric on Eρ is equivalent to a ρ-equivariant map from X˜ into the
symmmetric space GL(n,C)/U(n). Donaldson and Corlette’s theorem may thus be
rephrased as follows.
Theorem 1.2 ([Don87], [Cor88]). Let ∇ be a flat irreducible GL(n,C)-connection
on a vector bundle E over X with holonomy representation ρ : π1(S) → GL(n,C),
there there exists a unique ρ-equivariant harmonic map fρ : X˜ → GL(n,C)/U(n).
In light of the preceding theorem, the Hermitian metric H is sometimes referred
to as the harmonic metric. Finally, to complete the correspondence, the following
result of Hitchin and Simpson shows how to reconstruct a flat connection given a
Higgs bundle.
Theorem 1.3 ([Hit87], [Sim92]). Let (E, ϕ) be a polystable GL(n,C)-Higgs bundle,
then there exists a unique Hermitian metric H on E such that
∇ = ∇∂E,H + ϕ+ ϕ
∗H
is flat, where ∇∂E,H is the Chern connection determined by H and ∂E, and ϕ∗H is
the Hermitian adjoint of φ.
The unique Hermitian metric, which solves the Hitchin equations (1.1) is the har-
monic metric discussed previously, once again showing the importance of the equi-
variant harmonic maps.
We conclude our discussion here by highlighting an important class of repre-
sentations. It is well known that there is a unique irreducible representation ι :
PSL(2,R) →֒ PSL(n,R), where n ≥ 2. Thus to any Fuchsian representation ρ,
its image under postcomposition by ι is an element of the PSL(n,R) representa-
tion variety. In fact, through postcomposition by ι, Teichmüller space injects into a
distinguished component of the PSL(n,R) character variety (and hence the moduli
space of Higgs bundle via the non-abelian Hodge correspondence), called the Hitchin
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component. Elements of this particular distinguished component are called Hitchin
representations, and so may be thought of as smooth deformations of Fuchsian rep-
resentations.
In the present setting of n = 4, the image of PSL(2,R) by ι lies entirely in
PSp(4,R). Under the non-abelian Hodge correspondence, the associated Higgs bun-
dles will have a rather nice expression (see Section 1.4).
1.3. Labourie’s conjecture. In defining a Higgs bundle, a Riemann surface struc-
ture must first be placed on the underlying smooth surface S. The choice of the
Riemann surface X may be arbitrary as the correspondence between the representa-
tion variety and the moduli space of Higgs bundles is constructed through analysis
of the unique ρ-equivariant harmonic map f from X˜ to the symmetric space G/K.
A choice of a different Riemann surface structure X ′ yields a different unique ρ-
equivariant harmonic map f ′ from X˜ ′ to G/K, from which the Higgs bundle is
constructed.
Harmonicity of the map f produces a holomorphic object, known as the Hopf dif-
ferential, which is the (2,0)-part of the pullback metric f∗h, and so is a holomorphic
quadratic differential. When the map is both harmonic and conformal, the corre-
sponding Hopf differential vanishes.
To this end, Labourie has conjectured there is a natural choice of a Riemann sur-
face structure for each representation. To each Hitchin representation ρ into a split
real Lie group G, there is a unique Riemann surface structure X, so that the unique
ρ-equivariant harmonic map fρ : X˜ → G/K is conformal. The conjecture has been
completely resolved in rank 2. For example, for the group G = PSL(2,R)×PSL(2,R),
the conjecture is equivalent to the uniqueness of minimal lagrangians in the bidisc
H
2 ×H2, first studied by Schoen [Sch93].
Conformality of the unique ρ-equivariant harmonic map ensures the image is a
ρ-equivariant minimal surface inside the symmetric space G/K. Hence Labourie’s
conjecture produces minimal surfaces inside the associated symmetric space from
the data of Hitchin representations. These geometric objects bridge the gap between
surface group representations, which are topological and algebraic objects, and Higgs
bundles, which are holomorphic objects.
The mapping class group acts on the space of conjugacy classes of Hitchin rep-
resentations by remarking. In the absence of a preferred complex structure to each
such Hitchin representation, the parameterization of Hitchin components using an
arbitrary Riemann surface surface structure does not admit a natural mapping class
group action. Labourie’s conjecture, when true, restores this symmetry, which is
broken in the non-abelian Hodge correspondence.
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Finally, to each Hitchin representation ρ in a rank-two Lie group G, if the cor-
responding stable Higgs bundle is constructed using the unique conformal structure
Xρ, then the Higgs bundle is cyclic. Notice that a priori, a Higgs bundle constructed
from a Hitchin representation may also be cyclic for several different Riemann sur-
faces, but Labourie [Lab17] shows that in rank two, this cannot happen; the Higgs
bundle is cyclic only for a unique Riemann surface.
1.4. Maximal surfaces in pseudo-hyperbolic space. We now specialize to Higgs
bundles in the Sp(4,R)-Hitchin component and explain their relation with maximal
surfaces in the pseudo-hyperbolic space H2,2.
Let X be a Riemann surface structure on S and let K = KX be its canonical
bundle. An Sp(4,R)-Higgs bundle in the Hitchin component is a pair (E, ϕ) where
E = K
3
2 ⊕K− 12 ⊕K− 32 ⊕K 12 and ϕ =

0 0 q4 q2
0 0 q2 1
0 1 0 0
1 q2 0 0

with q2 and q4 being holomorphic quadratic and quartic differentials respectively.
By Labourie’s work ([Lab17]), we can assume that the complex structure X has
been chosen so that the associated equivariant harmonic map is conformal and that
q2 vanishes identically. In this way, we obtain a cyclic Sp(4,R)-Higgs bundle which
only depends on the Riemann surface X and the holomorphic quartic differential q =
q4. Therefore, the Sp(4,R)-Hitchin component is parametrized, via the non-abelian
Hodge correspondence, by the bundle Q4(S) of holomorphic quartic differentials over
the Teichmüller space of S. We already mentioned that, in the cyclic setting, the
Hermitian metric H that solves the Hitchin equations is diagonal. If we write H =
diag(h1, h
−1
2 , h
−1
1 , h2), then h1 and h2 are local solutions of the system of PDEs{
∆ log(h1) + h
−1
1 h2 − |q|2h21 = 0
∆ log(h2) + h
−2
2 − h−11 h2 = 0 .
(1.3)
It is convenient to rewrite these equations with respect to a background hyperbolic
metric 2σ in the conformal class. We regard σ as a section of K ⊗ K so that in
local coordinates σ = σ(z)dz⊗ dz¯ and the corresponding Riemannian metric on S is
locally 2σ = 2σ(z)(dx2 + dy2). The functions ψ1 and ψ2 such that
h−11 = e
ψ1σ
3
2 and h−12 = e
ψ2σ
1
2
are globally defined on S and solve the equations{
∆σψ1 = e
ψ1−ψ2 − e−2ψ1‖q‖2σ + 34κ(σ)
∆σψ2 = e
2ψ2 − eψ1−ψ2 + 14κ(σ)
. (1.4)
A solution H to Hitchin equations gives a flat connection ∇ = ∇∂¯E,H+ϕ+ϕ∗H with
holonomy in Sp(4,R). This means, in particular, that ∇ preserves a real subbundle
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ER of E and a symplectic form on ER, that we are now going to describe briefly. The
bundle E is equipped with the orthogonal structure
Q =
(
0 Id
Id 0
)
,
which induces a real involution τ : E → E given by τ(v) = H−1Qv¯. The subbundle
ER = Fix(τ) is parallel for the flat connection ∇ and is generated by the local sections
u1(z) =
1√
2

0
h
1
2
2
0
h
− 1
2
2
 u2(z) = 1√2

h
− 1
2
1
0
h
1
2
1
0

u3(z) =
1√
2

0
ih
1
2
2
0
−ih−
1
2
2
 u4(z) = 1√2

ih
− 1
2
1
0
−ih
1
2
1
0
 .
Moreover, the connection ∇ preserves the symplectic form ωR on ER, which in the
local frame {u1, u2, u3, u4} is given by
ωR =
(
0 −Id
Id 0
)
,
and consequently ∇ preserves the volume form −12ωR ∧ ωR = u1 ∧ u2 ∧ u3 ∧ u4 on
ER. This data induces a ∇-parallel bilinear form of signature (3, 3) on the bundle
Λ2ER of skew-symmetric 2-tensors on ER by setting
−2〈φ,ψ〉u1 ∧ u2 ∧ u3 ∧ u4 = φ ∧ ψ
for every φ,ψ ∈ Λ2ER. Let ω∗ be the skew-symmetric 2-tensor defined by the prop-
erty that
−2〈ω∗, v ∧w〉 = ωR(v,w)
for every v,w ∈ ER. Because ωR is parallel for ∇, the 5-dimensional subbundle
V ⊂ Λ2ER obtained by taking the orthogonal to ω∗(z) at every z ∈ S is preserved by
∇ and is naturally endowed with a parallel bilinear form of signature (2, 3). Consider
now the section f(z) = u1(z)∧u3(z)−u2(z)∧u4(z), which takes values into the space
of unit time-like vectors of V . If we denote by ρ : π1(S) → Sp(4,R) the holonomy
of the flat connection ∇, the section f induces a ρ-equivariant map f˜ : S˜ → H2,2 by
fixing a base point z0 ∈ S˜ and setting f˜(z) to be the ∇-parallel transport of a lift of
f to the fiber over z0. Here we identified H
2,2 with the set of unit time-like vectors
of Vz0 . It can be shown ([TW20], [Bar09]) that f˜ is conformal and harmonic and
thus parametrizes a maximal surface in the pseudo-hyperbolic space H2,2. Moreover,
from the computations in [TW20, Proposition 4.5], we know that the induced metric
on the maximal surface f˜(S˜)/ρ(π1(S)) is g = 4h
−1
1 h2 = 4e
ψ1−ψ2σ, where ψ1 and ψ2
are the solutions to Equation (1.4).
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1.5. Geodesic currents. Historically, the notion of a geodesic current was first
defined by Bonahon ([Bon88], [Bon86]) as a way to study the Thurston compacti-
fication of Teichmüller space. In higher Teichmüller theory, geodesic currents have
been used extensively to study limits of representations (see [BIPP17], [BIPP20],
[Mar19], [Ouy19], [OT20]). Here we provide a cursory review of geodesic currents.
Let S be a closed surface of negative Euler characteristic, and let S be endowed
with a fixed auxiliary hyperbolic metric σ. By the Cartan-Hadamard theorem, the
universal cover (S˜, σ˜) is isometrically diffeomorphic to H2. Consider then the space
G(S˜, σ˜) of unoriented biinfinite geodesics of (S˜, σ˜). It is not difficult to see that
G(S˜, σ˜) ∼= ((S1 × S1)−∆)\Z2.
A geodesic current is a π1(S)-equivariant Radon measure on G(S˜, σ˜). The space
C(S) of geodesic currents is endowed with the weak-∗ topology, that is, µn → µ if
and only if ˆ
G(S˜)
fdµn →
ˆ
G(S˜)
fdµ
for any continuous function f on G(S˜, σ˜) of compact support. While it may appear
that the space of geodesic currents strongly depends upon the initial choice of an
auxiliary metric, we remark that if a different hyperbolic were chosen, the lifts of the
two metrics to their universal covers would be π1(S)-equivariantly quasi-isometric to
one another, and this quasi-isometry would extend to their ideal boundaries. Hence,
there would be a π1(S)-equivariant homeomorphism between the two spaces of bi-
infinite unoriented geodesics.
A natural first example of a geodesic current is obtained by taking a single closed
geodesic γ on (S, σ) and lifting it to (S˜, σ˜). The Dirac measure supported on the
lifts of γ is a geodesic current, denoted δγ . This construction may be repeated to
show that weighted multicurves and measured laminations also give rise to geodesic
currents. Moreover, weighted closed curves are dense in the space of geodesic cur-
rents.
The space of geodesic currents comes equipped with a natural continuous bilinear
form i : C(S)×C(S)→ R≥0, which restricts to Thurston’s intersection form for mea-
sured laminations. In particular, when evaluated on pairs of geodesic currents δα
and δβ associated to simple closed curves, the bilinear pairing i gives the geometric
intersection number of α and β. Moreover, measured laminations can be character-
ized as geodesic currents with vanishing self-intersection number ([Bon88]).
Let C(S) denote the set of isotopy classes of closed curves on S. Then by the
preceding discussion, the set C(S) may be regarded as a subset of C(S). The marked
length spectrum of a geodesic current µ is the list of pairs
{γ, i(µ, δγ)}γ∈C(S).
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Here, the marking comes from recording the data of the curve γ alongside the inter-
section number i(µ, δγ). The unmarked length spectrum lists solely the intersection
numbers, without any mention of the curve γ. In what follows, by length spectrum
of a geodesic current µ, it will be understood that it is the marked length spectrum
of µ. The distinction is a fairly important one, as marked length spectra distinguish
geodesic currents, while the unmarked spectrum does not ([Ota90]).
An important facet of geodesic currents is that it contains a host of several geomet-
ric objects. Historically, the first non-trivial geodesic currents constructed were those
coming from hyperbolic metrics, called Liouville currents ([Bon88]), whose length
spectrum is given by the hyperbolic length of the unique geodesic representative of
γ ∈ π1(S). Later it was shown ([Ota90]) that more generally, all negatively curved
Riemannian metrics on S can be realized as geodesic currents in the above sense.
The self-intersection number in this case is always equal to π2Area(S) ([Ota90]).
More recently, this construction has been generalized to locally CAT(-1) metrics on
S ([HP97]) and non-positively curved Riemannian metrics with conic singularities
([Fra12], [BL18]).
The space PC(S) of projectivized currents is defined by removing the zero current
from C(S) and identifying currents that are positive multiple of each other. Bonahon
([Bon88]) proved the space PC(S) of projectivized currents is compact.
2. Length spectrum compactification of quartic differential metrics
2.1. Quartic differential metrics. Let q be a holomorphic quartic differential over
a Riemann surface X. In the local coordinates z, the differential q may be written
locally as q(z)dz4, for some holomorphic function q(z) on X. A singular flat metric
|q| 12 is obtained from q, by first taking the absolute value |q| and then taking the
square root. The metric is smooth away from the zeros of q. Holomorphicity of the
differential away from the zeros is precisely the condition that the curvature of |q| 12
is zero. At a zero of q of order k, the metric |q| 12 has a conic singularity of angle
2π + kπ2 . However, there is a converse to the construction above. Given any flat
metric m with conic singularities with angle 2π+ kπ2 and holonomy in the subgroup
of SO(2) generated by a rotation of angle π2 , there is a complex structure on S and
a holomorphic quartic differential q so that |q| 12 = m ([BCG+19]).
Let Q4(S) denote the bundle of holomorphic quartic differentials over Teichmüller
space. Then there is a natural circle action on Q4(S), which fixes the Riemann
surface structure, but multiplies a quartic differential by eiθ. If Flat4(S) denotes
the space of quartic differential metrics on S, then Flat4(S) ∼= Q4(S)/S1, as |q| =
|eiθq|. Likewise, if Flat14(S) denotes the space of unit area quartic differential metrics,
then Flat14(S)
∼= Q4(S)/C∗. Notice that the space Flat12(S) of unit area quadratic
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differential metrics is a proper subset of Flat14(S); from a quadratic differential r, the
differential r ⊗ r is a quartic differential.
2.2. Geometric convergence of quartic differentials. In this section we review
the notion of geometric convergence for Riemann surfaces and holomorphic quartic
differentials. This will closely follow work of McMullen [McM89] in the setting of
holomorphic quadratic differentials. Indeed, most of the results generalize immedi-
ately to higher order differentials. However, some care will be required to obtain the
analogue of Proposition A.3.2 of [McM89]. Extending these results specifically to
the case of holomorphic cubic differentials was done in [OT20].
Let κ ∈ [−1, 0) and consider the metric
gκ =
(
4
4 + κ|z|2
)2
|dz|2,
which is a complete metric of constant curvature κ on the domain Uκ = {z ∈ C :
|z| < R}, where R = 2√−κ . For κ = 0, the metric gκ is a complete metric on the
entire complex plane C = U0. In both instances, the pair (Uκ, gκ) is a complete
Riemannian manifold.
Let X denote the space of pairs (Uκ,Γ), where Γ is a discrete subgroup of the
group of Möbius transformations acting freely on Uκ. From the data of (Uκ,Γ), one
may construct a framed Riemannian manifold as follows: the quotient X = Uκ/Γ is
a complete Riemannian manifold; the image of the unit vector in Uκ at the origin
pointing along the real axis, gives a framing v on X. We may rescale the metric to
ensure the injectivity radius at v is at least 1. As X comes endowed with a natural
complex structure (independent of scaling), the aforementioned construction gives a
framed Riemann surface (X, v) with injectivity radius at least 1 at v. Conversely,
given a Riemann surface X admitting a complete metric of constant curvature κ
along with a framing v with injectivity at least one, this uniquely determines an
element of X.
The geometric topology on X is defined as follows: a sequence of pairs (Uκn ,Γn)
converges to (Uκ,Γ) if and only if κn → κ and Γn → Γ in the Hausdorff topology on
closed subsets of PSL(2,C). We record the following well-known results.
Proposition 2.1. The space X endowed with the geometric topology is compact.
If Xg,n ⊂ X denotes the space of finite type Riemann surfaces of genus g with n
punctures, one may obtain its compactification by taking its closure in X.
Proposition 2.2. For n > 0,
Xg,n =
⋃
{Xh,m : 2h +m ≤ 2g + n, 1 ≤ m},
while for n = 0 and g>0,
Xg,0 = Xg,0 ∪Xg−1,2,
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and
X0,0 = X0,0 ∪ X0,1.
The hyperbolic Riemann surfaces are the finite type Riemann surfaces of genus g
with n punctures for which 2 − 2g − n < 0. The compactification result then says
the hyperbolic Riemann surfaces are compactified by the plane, the punctured plane,
and hyperbolic surfaces of lower complexity.
The bundle Q4 of holomorphic quartic differentials over X is the space of triples
(Uκ,Γ, q), where (Uκ,Γ) ∈ X and q is a holomorphic quartic differential for the
Riemann surface Uκ/Γ. This space is endowed with the geometric topology as follows:
a sequence of holomorphic quartic differentials qn converges geometrically to q if and
only if the domain Riemann surfaces converge geometrically in X and the lifts of
qn to the universal covers converge uniformly on compact sets to the lift of q. We
denote by Q4g ⊂ Q4 the subspace of holomorphic quartic differentials on a surface of
genus g. The main result we need for the rest of the paper is the following
Theorem 2.3. The space PQ4g has compact closure in PQ
4.
We leave the details of the proof for the interested reader, as it follows the same
arguments of [McM89, Appendix] and [OT20, Appendix]. In both papers there is
only one technical statement ([McM89, Proposition A.3.2] and [OT20, Proposition
4.10]) about the linear independence of Poincaré series of quadratic and cubic dif-
ferentials, where hyperbolic and convex real-projective geometry are used. Here we
explain how to obtain the analogous result for quartic differentials.
Let us first introduce some notation. Let (Y,w) ∈ X be a framed Riemannian
surface with constant curvature κ and fundamental group Z. Standard models for
these surfaces are described in [OT20, Section 4.3]. Choose a biholomorphism
h : Y → A(r,R) = {z ∈ C | r < |z| < R}
with 0 ≤ R ≤ +∞. We set φ(Y,w) = h∗
(
dz4
z4
)
. Let S be a finite system of
pairwise distinct, non-trivial isotopy classes of disjoint simple closed curves on a
framed Riemannian surface (X, v) ∈ X. Each element [γi] ∈ S determines a covering
pi : (Yi, wi)→ (X, v), where Yi is a Riemann surface with fundamental group Z. We
denote
θ(X, v, S) =
∑
i
(pi)∗φ(Yi, wi)
the quartic differential on X associated to the system of curves S.
Lemma 2.4. The differential θ(X, v, S) is holomorphic with poles of order at most
4 at the punctures of X. Moreover, θ 6= 0, whenever X is closed or X has punctures
and S contains a peripheral curve.
Proof. If Yi is an annulus, then φ(Yi, wi) is integrable and hence its push-forward is
integrable. Otherwise Yi is a punctured plane or a punctured disk. Each puncture
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of Yi has a neighborhood that is mapped injectively to a neighborhood of a punc-
ture in X, creating a pole of order 4 for θ. Since φ(Yi, wi) is integrable outside a
neighborhood of the punctures, it push-forward its holomorphic.
It is clear that θ is not identically zero when S contains a peripheral curve, as
θ has a pole of order 4 at the corresponding puncture. Therefore, we are only
left to consider the case of X closed and S consisting of homotopy classes of dis-
joint simple closed curves. This will follow from the fact that the quartic differ-
entials (pi)∗φ(Yi, wi) are linearly independent. Let ρ0 : π1(X) → Sp(4,R) denote
the Fuchsian representation uniformizing X. Recall that a Hitchin representation
ρ : π1(X) → Sp(4,R) has the property that every simple closed curve is mapped to
a diagonalizable matrix with distinct eigenvalues λ1 > λ2 > λ
−1
2 > λ
−1
1 > 0. The
length functions
ℓ1(ρ(γi)) = log
(
λ1(ρ(γi))
λ2(ρ(γi))
)
and ℓ2(ρ(γi)) = log
(
λ2(ρ(γi))
λ3(ρ(γi))
)
for a collection of curves γi in a pants decomposition belong to a coordinate system
of the Hitchin component, hence their differentials at ρ are linearly independent.
Consider now the function mi(ρ) = ℓ1(ρ(γi)) + ℓ2(ρ(γi)): note that mi vanishes
identically at the Fuchsian locus, because for any Fuchsian representation λ1 = λ
3
and λ2 = λ for some λ > 1. In particular, the differentials dmi at ρ0 annihilate any
vector tangent to the Fuchsian locus. On the other hand, Labourie and Wentworth
proved a generalization of Gardiner’s formula ([LW18, Corollary 4.0.5]) that relates
dmi with the quartic differentials (pi)∗φ(Yi, wi). More precisely, if we identify the
tangent space at ρ0 with H
0(X,K2)⊕H0(X,K4), there are constants c1, c2 6= 0 such
that for any q ∈ H0(X,K4) we have
dmi(q) = c1Re
(ˆ
X
q¯ · (pi)∗φ(Yi, wi)σ−4dAσ
)
+c2Re
(ˆ
X
q¯ · (pi)∗φ(Yi, wi)σ−4dAσ
)
,
where σ denotes the conformal hyperbolic metric on X. It follows that if θ vanished
identically for some system of curves γi, we would have that
∑
i dmi = 0 because
H0(X,K4) is a supplement of the tangent space at the Fuchsian locus, but this would
contradict the fact that dℓ1(ρ0(γi)) and dℓ2(ρ0(γi)) are linearly independent.

2.3. Flat metrics as geodesic currents. Geodesic currents have been shown to
encode the data of a great host of different geometric objects: Bonahon [Bon88] first
demonstrated the Liouville currents captured the marked length spectra of closed
hyperbolic surfaces; Otal [Ota90] extended the result to include metrics of nega-
tive curvature. Work of Duchin, Leininger and Rafi [DLR10] shows the flat metrics
coming from holomorphic quadratic differentials may be regarded as geodesic cur-
rents, and more recent work of Bankovic and Leininger [BL18] extends the results
to include nonpositively curved Euclidean cone metrics. Hence to any holomorphic
quartic differential metric |q| 12 , there is a geodesic current Lq with the property that
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for any closed curve γ,
l|q| 12 ([γ]) = i(Lq, δγ),
where l|q| 12 ([γ]) denotes the length of a geodesic representative of [γ] for the flat metric
|q| 12 . Recall that the geodesic representative may not be unique. This, however,
only happens when they foliate a flat cylinder, so all representatives have the same
length. Moreover, the area formula for geodesic currents coming from negatively
curved metrics also holds for holomorphic n differential metrics,
i(Lq, Lq) =
π
2
Area(S, |q| 2n ) .
In particular, whenever the holomorphic quartic differential metric |q| 12 is of unit
area, we have i(Lq, Lq) = π/2.
2.4. Degeneration of flat metrics. As the quartic differential metrics may be
regarded as geodesic currents, we obtain the following natural continuous injective
(see [BL18]) map
Flat14(S)
L̂−→ C(S) π−→ PC(S) .
To obtain a length spectrum compactification of the unit area quartic differentials
metrics, we will take the closure of the image of Flat14(S) in PC(S). This will extend
the results of Duchin, Leininger and Rafi [DLR10] for quadratic differentials and the
authors [OT20] for cubic differentials: the boundary of this compactification contains
mixed structures, where the flat regions will now come from integrable meromorphic
quartic differentials.
A mixed structure η is a geodesic current constructed as follows. Let S′ ⊂ S be
a disjoint collection of incompressible subsurfaces each with negative Euler charac-
teristic. Each connected component of S′ may be regarded as a punctured surface,
upon which one may choose a punctured Riemann surface structure and a meromor-
phic quartic differential with possible poles of order at most 3 at the punctures. The
meromorphic quartic differentials will yield finite area flat metrics, with boundary
curves having length zero. For each connected component of the complement of S′,
choose a measured lamination, whose support may include the boundary curves. If
q denotes a meromorphic quartic differential on S′, and λ the measured lamination
supported on the complement of S′, then the mixed structure η is
η = Lq + λ.
It is entirely possible for S′ = ∅ or S′ = S, in which case η is a measured lamination
or a quartic differential metric respectively.
Let Mix(S) ⊂ C(S) denote the space of mixed structures. If π : C(S)→ PC(S) is
the projection map, then π(Mix(S)) = PMix(S).
Theorem 2.5. The closure of Flat4(S) is precisely PMix(S).
Proof. The proof will follow by showing containment in both directions.
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Part I. We begin by showing ∂ Flat4(S) ⊂ PMix(S). As the space of projectivized
currents is compact, then to any sequence |qn| 12 of unit area flat metrics, (up to a
subsequence) there exists a sequence of scalars tn so that tnLqn → L∞. We observe
the following dichotomy: either tn converges to 0, or tn is bounded away from 0 and
infinity. In fact, because every geodesic current has finite self-intersection number,
the sequence tn cannot diverge to +∞. In the first case, then
i(L∞, L∞) = lim
n→∞ i(tnLqn , tnLqn)
= lim
n→∞ t
2
n i(Lqn , Lqn)
= 0,
from which it follows L∞ is a measured lamination.
If however, tn is bounded away from 0 and infinity, then without loss of generality,
we may take tn to be identically 1. The limit of Lqn then will be in the same
projective class as L∞. The current decomposition [BIPP17] allows us to decompose
L∞ as a sum
L∞ =
∑
W⊂S
µW +
∑
α∈E
cαδα.
Here E is the set
E = {α ∈ C(S) | i(L∞, δα) = 0 and i(L∞, δβ) > 0 ∀β such that i(δα, δβ) > 0 },
where theW ’s are the connected components of S\E and cα are nonnegative weights.
The first part of the proof is complete provided we show each µW is a current coming
from a integrable quartic differential, or a measured lamination. Recall the systole
of L∞ on W , denoted sysW (L∞), is the infimum of the set
D(W ) = {i(L∞, δγ) | γ ∈ C(W )}.
There are two cases for µW :
i) if sysW (L∞) = 0, then by ([BIPP17, Theorem 1.1]) the restriction of L∞ to W
is a measured lamination;
ii) if sysW (L∞) > 0, then we have a uniform lower-bound for the |qn|
1
2 -length of any
non-peripheral simple closed curve, and hence also of any nonperipheral closed
curve in W . Since W is a connected component of S \ E, the |qn| 12 -lengths of
the boundary curves in W go to 0. Therefore, after choosing a basepoint in W
(away from the boundary) and passing to a subsequence, we can assume that qn
restricted toW converges geometrically to a meromorphic quartic differential on
W , which must necessarily have poles of order at most 3 at the punctures since
L∞ has finite self-intersection number. This in particular implies convergence
of the length spectrum and thus convergence in the space of geodesic currents.
Hence L∞ is a mixed structure, and this concludes the first part of the proof.
COMPACTIFICATION SO0(2, 3)-HITCHIN COMPONENT 17
Part II. Let η = λ′+Lq ∈ PMix(S), where q is a meromorphic quartic differential on
an incompressible subsurface S′ ⊂ S and λ′ is a lamination whose support is disjoint
from S′. Recall that the simple closed curves γi homotopic to the boundaries of S′
may or may not be part of the lamination λ′, so we will write λ′ = λ +
∑
iwiδγi ,
for some non-negative weights wi. Let S
′′ = S \ S′. It is clear that we can find a
complex structure on S′′ and a sequence of meromorphic quartic differentials qn such
that: (i) the boundary components of S′′ are conformal to punctures, (ii) the length
spectrum of the flat metrics |qn| 12 converges to that of the lamination λ, and (iii) its
area goes to 0. In fact, there is sequence of holomorphic quadratic differentials with
such properties (see [DLR10]) and its tensor product gives the desired sequence of
quartic differentials.
If q has no poles of order three, we cut a geodesic slit of length 1/n starting at
each puncture of S′ and S′′. At this step, if the weight wi 6= 0, we also insert a
flat cylinder of circumference 2/n and width wi. Note that we can arrange the cuts
so that the identifications of the boundaries only involve translations and rotations
of k π2 for some k ∈ Z. Because q has no poles of order three, the flat metrics we
obtain in this way have cone angles 2π + k π2 with k ≥ 0, and they are induced by
holomorphic quartic differentials qn. By construction Lqn converges to η.
If q has a pole of order three, a general procedure described in [BCG+19, Section
7] allows us to break up a triple pole into two arbitrarily close poles of order 1 and 2
by modifying the metric |q| 23 only in a neighborhood of the puncture (see also [MZ20,
Section 3]). We can then apply the same surgery described before, where now the
slit is given by a geodesic segment connecting the two new-born singularities. 
3. Limits of induced metrics
In this section we study how the length spectrum of induced metrics on maximal
surfaces in H2,2 degenerate along diverging sequences of SO0(2, 3)-Hitchin represen-
tations, thus giving a proof of Theorem B.
3.1. The space of induced metrics. We start by collecting some properties of the
space of induced metrics Ind(S) that will be useful in the sequel.
Proposition 3.1. There is a bijection between the space Ind(S) of induced metrics
and Q4/S1, where S1 acts by multiplication on the fibers.
Proof. As we saw in Section 1, any particular induced metric may be written as
4eψ1−ψ2σ, where 2σ is the Riemannian metric of constant curvature −1 in the con-
formal class of the maximal surface, and ψ1 and ψ2 satisfy the system{
∆σψ1 = e
ψ1−ψ2 − e−2ψ1‖q‖2σ + 34κ(σ)
∆σψ2 = e
2ψ2 − eψ1−ψ2 + 14κ(σ)
. (3.1)
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The proposition amounts to showing that if q˜ is not in the S1-orbit of q, then
eψ1−ψ2σ 6= eψ˜1−ψ˜2σ. Assume not, then ψ1 − ψ2 = ψ˜1 − ψ˜2. Consider the equa-
tion
∆σ(ψ2 − ψ˜2) = eψ˜1−ψ˜2 − eψ1−ψ2 + e2ψ2 − e2ψ˜2 = e2ψ2 − e2ψ˜2 .
At the minimum of ψ2 − ψ˜2, we have
0 ≤ ∆σ(ψ2 − ψ˜2) = e2ψ2 − e2ψ˜2
which implies ψ2− ψ˜2 ≥ 0 everywhere on S. On the other hand, at the maximum of
ψ2 − ψ˜2, we have
0 ≥ ∆σ(ψ2 − ψ˜2) = e2ψ2 − e2ψ˜2
yielding ψ2− ψ˜2 ≤ 0 everywhere on S. We deduce that ψ2 = ψ˜2 at every point, and,
consequently, ψ1 = ψ˜1 as well. Consider, now, the equation
0 = ∆σ(ψ1 − ψ2)−∆σ(ψ˜1 − ψ˜2)
=
(
2eψ1−ψ2 − e2ψ2 − e−2ψ1‖q‖2σ
)
−
(
2eψ˜1−ψ˜2 − e2ψ˜2 − e−2ψ˜1‖q˜‖2σ
)
=
(
2eψ1−ψ2 − 2eψ˜1−ψ˜2
)
−
(
e2ψ2 − e2ψ˜2
)
−
(
e−2ψ1‖q‖2σ − e−2ψ˜1‖q˜‖2σ
)
= e−2ψ1
(‖q‖2σ − ‖q˜‖2σ) .
We find that |q| = |q˜| at every point, which easily implies that q and q˜ lie in the
same S1-orbit, thus obtaining a contradiction. 
Remark 3.1. We will show in Proposition 3.10 that the map
G : Q4/S1 → Ind(S)
(σ, [q]) 7→ 4eψ1−ψ2σ ,
where ψ1 and ψ2 are solutions to Hitchin equations (3.1), is continuous and proper,
thus giving a parametrization of Ind(S).
A key ingredient for our construction is that all metrics in Ind(S) are negatively
curved. This fact has been recently proven in ([LTW20]), but we provide here a
different proof, communicated to us by Qiongling Li, based only on the analysis of
the Hitchin equations.
Proposition 3.2. Let ψ1 and ψ2 be the solutions to Equations (3.1) with given data
(σ, q) ∈ Q4(S). Then the metric 4eψ1−ψ2σ is strictly negatively curved.
Proof. It is sufficient to show that h = eψ1−ψ2σ is negatively curved. The curvature
of h is
κ(h) = −2∆h log(h) = 2
(
e−2ψ1‖q‖2σ
eψ1−ψ2
+
e2ψ2
eψ1−ψ2
− 2
)
,
hence it is strictly negative if and only if f1 + f2 < 2, where
f1 =
e−2ψ1‖q‖2σ
eψ1−ψ2
and f2 =
e2ψ2
eψ1−ψ2
.
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Now, outside the zeros of q we have that
∆h log(f1) = −3∆hψ1 +∆hψ2 − 4∆h log(σ) = 3e
−2ψ1‖q‖2σ
eψ1−ψ2
+
e2ψ2
eψ1−ψ2
− 4 = −4 + 3f1 + f2
∆h log(f2) = 3∆hψ2 −∆hψ1 = 3 e
2ψ2
eψ1−ψ2
+
e−2ψ1‖q‖2σ
eψ1−ψ2
− 2 = 3f2 + f1 − 2 .
Then
∆h log(f1 + f2) ≥ f1∆h log(f1) + f2∆h log(f2)
f1 + f2
=
−4f1 + 3f21 + 2f1f2 + 3f22 + f1f2 − 2f2
f1 + f2
>
−4f1 − 4f2 + 3f21 + 2f1f2 + 3f22 + f1f2
f1 + f2
≥ −4 + 2(f1 + f2) .
We deduce that, if f1+f2 takes its maximum outside the zeros of q, then f1+f2 < 2
and κg < 0. On the other hand, if f1 + f2 takes its maximum at a zero p of q, then
f1(p) = 0 and p is a maximum of f2. But then,
0 ≥ ∆h log(f2)(p) = −2 + 3f2(p) + f1(p) = −2 + 3f2(p)
which implies that f2(p) ≤ 23 and f1 + f2 ≤ f1(p) + f2(p) ≤ 23 everywhere on S.
Hence κg < 0 in this case as well. 
It will also be useful to compare the induced metric g = 4eψ1−ψ2σ with the constant
curvature metric σ. To this aim we construct constant sub- and super-solutions for
the system of differential equations (3.1). We refer the reader to [Ama76] and [TW20]
for an overview of the sub- and super-solution theory for systems of PDEs.
Lemma 3.3. The pair (u1, u2) =
(
3
2 log
(−34κ(σ)) , 12 log (−34κ(σ))) is a sub-solution
for Equation (3.1).
Proof. Let F1(ψ1, ψ2) and F2(ψ1, ψ2) denote the right-hand side of Equation (3.1).
We need to check that Fi(u1, u2) ≤ 0 for i = 1, 2. This follows from straightforward
computations:
F1(u1, u2) = e
u1−u2 − e−2u1‖q‖2σ +
3
4
κ(σ) ≤ eu1−u2 + 3
4
κ(σ) = 0
and
F2(u1, u2) = e
2u2 − eu1−u2 + 1
4
κ(σ) =
1
4
κ(σ) ≤ 0 .

Lemma 3.4. There are constants c1, c2 > 0 such that the pair (c1, c2) is a super-
solution of Equation (3.1).
Proof. Using the same notation of the previous lemma, we have to find constants
c1, c2 > 0 such that {
ec1−c2 − e−2c1‖q‖2σ + 34κ(σ) ≥ 0
e2c2 − ec1−c2 + 14κ(σ) ≥ 0
(3.2)
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Dividing the second equation by e2c2 , we get
1− ec1−3c2 + 1
4
κ(σ)e−2c2 ≥ 1− ec1−3c2 + 1
4
κ(σ) (3.3)
where in the last inequality we used that c2 > 0 and κ(σ) < 0. It is easy to check
that if c1 = 3c2 + log
(
1 + 14κ(σ)
)
then
1− ec1−3c2 + 1
4
κ(σ) = 0,
hence the second inequality in (3.2) holds. We determine c2 by looking now at the
first equation in (3.2):
e2c2
(
1 +
1
4
κ(σ)
)
− e−6c2
(
1 +
1
4
κ(σ)
)−2
‖q‖2σ +
3
4
κ(σ)
≥ e2c2
(
1 +
1
4
κ(σ)
)
− e−6c2
(
1 +
1
4
κ(σ)
)−2
max
S
(‖q‖2σ) +
3
4
κ(σ)
and this last expression becomes positive as long as c2 is sufficiently large. Note that
we can arrange c2 to only depend on σ and maxS(‖q‖2σ). 
Moreover, the induced metric g = 4eψ1−ψ2σ dominates a metric of constant cur-
vature in its conformal class:
Lemma 3.5. Given (σ, q) ∈ Q4(S), let g = 4eψ1−ψ2σ be the induced metric on the
maximal surface. Then −3κ(σ)σ ≤ g.
Proof. Let f = ψ1 − ψ2 and g = 2ψ2, then
∆σf = ∆σψ1 −∆σψ2 = 2eψ1−ψ2 − e−2ψ1‖q‖2σ − e2ψ2 +
1
2
κ(σ) ≤ 2ef − eg + 1
2
κ(σ)
∆σg = 2∆σψ2 = 2e
2ψ2 − 2eψ1−ψ2 + 1
2
κ(σ) = 2eg − 2ef + 1
2
κ(σ)
Let x be a point of minimum for f and y be a point of minimum for g. From the
above equations, we find that
2ef ≥ 2ef(x) ≥ eg(x) − 1
2
κ(σ)
2eg ≥ 2eg(y) ≥ 2ef(y) − 1
2
κ(σ) .
Now,
eg(x) ≥ ef(y) − 1
4
κ(σ) ≥ 1
2
eg(x) − 1
2
κ(σ)
thus eg(x) ≥ −κ(σ) and
g = 4eψ1−ψ2σ = 4efσ ≥ (2eg(x) − κ(σ))σ ≥ −3κ(σ)σ
as claimed. 
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3.2. Comparison with the quartic differential metric. The main step towards
the proof of Theorem B is a comparison between the induced metric G(σ, [q]) and
the flat metric |q| 12 .
Let us start with the construction of sub-solutions for the system (3.1) in terms
of the flat metric |q| 12 .
Proposition 3.6. Let ψ1 and ψ2 be the solution to Equation (3.1). Then ψ1 ≥
log(‖q‖
3
4
σ ) and ψ2 ≥ log(‖q‖
1
4
σ ).
Proof. We define the following functions
v1 =
{
3
2 log(‖q‖
1
2
σ ) if ‖q‖
1
2
σ ≥ −34κ(σ)
3
2 log
(−34κ(σ)) otherwise
and
v2 =
{
1
2 log(‖q‖
1
2
σ ) if ‖q‖
1
2
σ ≥ −34κ(σ)
1
2 log
(−34κ(σ)) otherwise
The proposition follows if we show that the pair (v1, v2) is a sub-solution for the
system (3.1). As in Lemma 3.3, we denote by Fi(ψ1, ψ2) the right-hand side of
Equation (3.1). Because v1 and v2 are defined as the maximum of two functions and
the maximum of two sub-solutions is a sub-solution, it is sufficient to show that∆σ log(‖q‖
3
4
σ ) ≥ F1(log(‖q‖
3
4
σ ), log(‖q‖
1
4
σ ))
∆σ log(‖q‖
1
4
σ ) ≥ F2(log(‖q‖
3
4
σ ), log(‖q‖
1
4
σ ))
outside the zeros of q and{
F1
(
3
2 log
(−34κ(σ)) , 12 log (−34κ(σ))) ≤ 0
F2
(
3
2 log
(−34κ(σ)) , 12 log (−34κ(σ))) ≤ 0 .
The first computation is straightforward and left to the reader. The second was
carried out in Lemma 3.3. 
This result can be improved to a domination result between the induced metric g
and the flat metric 4|q| 12 , which already appeared in [DL20]. We provide however a
proof for the convenience of the reader.
Proposition 3.7. Given (σ, q) ∈ Q4(S), let g = 4eψ1−ψ2σ be the induced metric on
the maximal surface. Then, 4|q| 12 ≤ g.
Proof. We consider the function u = e4ψ2−4ψ1‖q‖2σ , which is well-defined everywhere
on S. It is clear that u ≥ 0 and takes a maximum outside the zeros of q. Now,
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outside the zeros of q, the function u satisfies
∆σ log(u) = 4∆σψ2 − 4∆σψ1 − 4∆σ log(σ)
= 4e2ψ2 − 8eψ1−ψ2 + 4e−2ψ1‖q‖2σ
≥ 8eψ2−ψ1‖q‖σ − 8eψ1−ψ2
= 8eψ1−ψ2(e2ψ2−2ψ1‖q‖σ − 1)
= 8eψ1−ψ2(
√
u− 1).
Hence, at a maximum of u, we have
0 ≥ ∆g log(u) ≥ 2(
√
u− 1) .
We deduce that u ≤ 1 which implies that
4|q| 12 = 4‖q‖
1
2
σ σ ≤ 4eψ1−ψ2σ = g .

We will also need the following uniform bound:
Lemma 3.8 ([DL20]). Let ψ1 and ψ2 be the solution to Hitchin equations (3.1).
Then
0 ≤ 3ψ2 − ψ1 ≤ log
(
4
3
)
.
Proof. Let f = 3ψ2 − ψ1. We compute
∆σf = 3∆σψ2 −∆σψ1
= 3e2ψ2 − 4eψ1−ψ2 + e−2ψ1‖q‖2σ
≥ 3e2ψ2 − 4eψ1−ψ2
= eψ1−ψ2(3ef − 4) .
By the maximum principle,
e3ψ2−ψ1 = ef ≤ 4
3
as claimed. 
Together with Proposition 3.2, the above estimates allow to study the coarse
behavior of the area of the maximal surface in terms of the area of the flat metric
4|q| 12 :
Proposition 3.9. For any open region R ⊆ S, we have
Area(R, 4|q| 12 ) ≤ Area(R, g) ≤ 3
2
Area(R, 4|q| 12 ) + 6π|χ(S)| .
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Proof. The first inequality immediately follows from Proposition 3.7.
As for the second inequality, we start from the formula for the curvature of g found
in Proposition 3.2:
κ(g) =
e−2ψ1‖q‖2σ
2eψ1−ψ2
+
e2ψ2
2eψ1−ψ2
− 1 .
Integrating over R, we find that
Area(R, g) =
ˆ
R
e−2ψ1‖q‖2σ
2eψ1−ψ2
dAg +
ˆ
R
e2ψ2
2eψ1−ψ2
dAg +
ˆ
R
−κ(g)dAg
≤ 2
ˆ
R
e−2ψ1‖q‖2σdAσ +
1
2
ˆ
R
e3ψ2−ψ1dAg +
ˆ
S
−κ(g)dAg
= 2
ˆ
R
e−2ψ1‖q‖2σdAσ +
1
2
ˆ
R
e3ψ2−ψ1dAg + 2π|χ(S)| .
Now, by Proposition 3.6, we haveˆ
R
e−2ψ1‖q‖2σdAσ ≤
ˆ
R
‖q‖−
3
2
σ ‖q‖2σdAσ = Area(R, |q|
1
2 )
and by Lemma 3.8, we can estimateˆ
R
e3ψ2−ψ1dAg ≤ 4
3
Area(R, g) .
Combining all, we get
Area(R, g) ≤ 1
2
Area(R, 4|q| 12 ) + 2
3
Area(R, g) + 2π|χ(S)| ,
which gives the desired upper-bound. 
We can finally show as promised that the space of induced metrics Ind(S) is
parametrized by Q4/S1.
Proposition 3.10. The map
G : Q4/S1 → Ind(S)
(σ, [q]) 7→ 4eψ1−ψ2σ
is a homeomorphism.
Proof. We already know that G is bijective, so we only need to show that G is con-
tinuous and proper. Let (σn, [qn]) be a sequence converging to (σ, [q]) in Q
4/S1. Let
ψi,n and ψi for i = 1, 2 denote the solutions to Equation (3.1) with data (σn, [qn]) and
(σ, [q]), respectively. By Lemmas 3.3 and 3.4, there is a uniform bound on ∆σnψi,n,
and hence a uniform C1,α bound on ψi,n. We deduce that ψ1,n and ψ2,n converge to
weak solutions of Equation (3.1) with data (σ, [q]), which, by uniqueness, consist of
the pair (ψ1, ψ2). By elliptic regularity, the convergence is actually smooth, and G is
continuous.
As for properness, assume that gn = G(σn, [qn]) converges smoothly to g =
G([σ, [q]). It is clear that σn converges to σ because those are the hyperbolic metrics
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in the conformal class of gn and g, which converge. By Proposition 3.9, the quanti-
ties Area(S, 4|qn| 12 ) are uniformly bounded. Because qn are holomorphic differentials
with respect to uniformly thick complex structures, the sequence qn is lies in a com-
pact set, and thus converges, up to subsequences, to some q′. By continuity of G,
we find that G(σn, [qn]) converges to G(σ, [q
′]) and by injectivity, we have [q′] = [q].
Hence, the sequence (σn, [qn]) converges to (σ, [q]). 
3.3. Comparison at high energy. We now improve some of the estimates of the
previous section under the assumption that the area ‖q‖ = Area(S, |q| 12 ) of the quar-
tic differential metric is large.
We define the functions
u1 = ψ1 − log(‖q‖
3
4
σ ) and u2 = ψ2 − log(‖q‖
1
4
σ ) ,
which represent the errors between the solutions to Equations (3.1) and the subsolu-
tions found in Proposition 3.6. Note that u1 and u2 are well-defined outside the zeros
of q and positive. Moreover, the induced metric can be rewritten as g = 4eu1−u2 |q| 12 .
Because g is negatively curved, the function u1−u2 is subharmonic and we have the
following estimates outside the zeros of q:
Lemma 3.11. Let p ∈ S be at distance at least r > 0 from the zeros of q. Then
(u1 − u2)(p) ≤ log
(
Area(S, g)
4πr2
)
.
In particular, if r0 denotes the distance for the renormalized metric |q| 12 /‖q‖ of unit
area, we have
(u1 − u2)(p) ≤ log
(
Area(S, g)
4π‖q‖r20
)
.
Proof. Let B be the ball centered at p and radius r for the flat metric |q| 12 that does
not contain any zeros of q. By Jensen’s inequality, we have
e(u1−u2)(p) ≤ e
ffl
B
u1−u2dAq ≤
 
B
eu1−u2dAq =
1
4πr2
ˆ
B
dAg ≤ Area(S, g)
4πr2
,
and the first estimate follows.
The second statement is a simple reformulation, using the fact that r2 = r20‖q‖. 
In addition, because 3u2 − u1 = 3ψ2 − ψ1 outside the zeros of q, combining the
previous estimate with Lemma 3.8, we obtain a bound for u1 + u2 in terms of the
distance from the zeros:
u1 + u2 = (3u2 − u1) + 2(u1 − u2) ≤ log
(
4
3
)
+ 2 log
(
Area(S, g)
4π‖q‖r20
)
. (3.4)
Note that, for r0 fixed, the last term is uniformly bounded as the area of the quartic
differential metric tends to infinity thanks to Proposition 3.9.
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Lemma 3.12. Let p be a point at distance at least r0 > 0 from the zeros of q with
respect to the unit area metric |q| 12/‖q‖. Then, there are constants c, C > 0, only
depending on r0, such that
(u1 + u2)(p) ≤ Ce−c‖q‖
1
2 r0 ,
for ‖q‖ sufficiently large.
Proof. Let B be the ball centered at p of radius r = ‖q‖ 12 r0 which does not contain
any zeros of q. On this ball, the function u1 + u2 satisfies
∆σ(u1 + u2) = ∆σψ1 +∆σψ2 − 2∆σ log(σ)
= e2ψ2 − e−2ψ1‖q‖2σ = (e2u2 − e−2u1)‖q‖
1
2
σ ,
which, choosing a coordinate z so that q = dz4 and z(p) = 0, can be written as
∂¯∂(u1 + u2) = ∆q(u1 + u2) = (e
2u2 − e−2u1) .
Note that from Equation 3.4, there is a constant a > 0, only depending on r0 for ‖q‖
large, such that
∂¯∂(u1 + u2) = e
−2u1(e2u2+2u1 − 1) ≥ 2a(u1 + u2) .
Moreover, again by Equation 3.4, the function u1 + u2 is uniformly bounded by a
constant C > 0 on the boundary of B that we can arrange to only depend on r0 for
‖q‖ large. By the maximum principle, we deduce that u1 + u2 is bounded above by
the radial solution of the Dirichlet problem{
∂¯∂η = 2aη
η|∂B = C
.
It is well-known that η can be expressed in terms of the modified Bessel function of
the first kind
η(ρ) = C
I0(2
√
2aρ)
I0(2
√
2ar)
= C
I0(2
√
2aρ)
I0(2
√
2a‖q‖ 12 r0)
.
Recalling that
I0(x) ∼ e
x
(2πx)
1
2
as x→ +∞ ,
we find
(u1 + u2)(p) ≤ η(0) ≤ Ce−c‖q‖
1
2 r0
for some c > 0 and ‖q‖ sufficiently large. 
Corollary 3.13. Let qn be a sequence of holomorphic quartic differentials such that
‖qn‖ → +∞ and |qn| 12 /‖q‖ converges geometrically to a flat metric induced by a
meromorphic quartic differential q′ on a subsurface S′ ⊂ S. Fix ǫ > 0. Then there
is n0 ∈ N such that for all n ≥ n0 and all p ∈ S′ at q′-distance at least 2ǫ from the
zeros and poles of q′ we have
(u1,n + u2,n)(p) ≤ Ce−c‖q‖
1
2 ǫ .
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In particular, u1 and u2 decay exponentially to 0 outside the zeros and poles of q
′.
Proof. By assumption the normalized metrics |qn| 12 /‖q‖ converge uniformly on com-
pact sets of S′ outside the cone singularities of q′. Therefore, for n sufficiently large,
the zeros of qn are all contained in balls of q
′-radius ǫ/2 centered at the singularities
of |q′| 23 . We deduce that there is n0 ∈ N such that for all n ≥ n0 the following
conditions hold: (i) all p ∈ S′ at q′-distance at least 2ǫ from the zeros and poles of q′
are at distance at least ǫ from the zeros of qn with respect to the unit area metrics
|qn| 12 /‖q‖; (ii) the area ‖qn‖ is sufficiently large so that the estimate in Lemma 3.8
holds with r0 = ǫ. This gives the desired decay for u1,n and u2,n at p because they
are positive, hence smaller than u1,n + u2,n. 
Corollary 3.14. Under the assumptions of Corollary 3.13, the conformal factor of
the induced metrics gn with respect to the flat metrics 4|qn| converges to 1 uniformly
on compact sets outside the cone singularities of q′.
Proof. This follows immediately from the fact that gn = 4e
u1,n−u2,n |qn| 12 and the
decay of u1,n and u2,n in the previous corollary. 
We now use this asymptotic decay to improve the estimate on the behavior of the
area of the induced metric.
Lemma 3.15. Let qn be a sequence of holomorphic quartic differentials such that
(1) the area ‖qn‖ diverges to +∞;
(2) the renormalized metrics |qn| 12/‖q‖ converge to a non purely laminar mixed
structure η.
Then,
lim
n→+∞
Area(S, gn)
Area(S, 4|qn| 12 )
= 1 .
Proof. By Proposition 3.9, we already know that
Area(S, gn)
Area(S, 4|qn| 12 )
≥ 1
for every n ∈ N. It is thus sufficient to show that for every δ > 0, there is n0 ∈ N
such that for every n ≥ n0 we have
Area(S, gn)
Area(S, 4|qn| 12 )
≤ 1 + 3δ . (3.5)
From the proof of Proposition 3.9, the area of the induced metric can be expressed
as sum of three terms
Area(S, gn) =
ˆ
S
e−2ψ1,n‖qn‖2σn
2eψ1,n−ψ2,n
dAgn +
ˆ
S
e2ψ2,n
2eψ1,n−ψ2,n
dAgn + 2π|χ(S)|
and we already showed that the first integral can be bounded above byˆ
S
e−2ψ1,n‖qn‖2σn
2eψ1,n−ψ2,n
dAgn ≤ 2‖qn‖ .
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The estimate (3.5) follows if we prove that for n sufficiently large
1
8‖qn‖
ˆ
S
e3ψ2,n−ψ1,ndAgn ≤
1
2
+ 3δ . (3.6)
The non purely laminar mixed structure η furnishes a decomposition of S into in-
compressible subsurfaces. We denote by S′ the union of all subsurfaces on which
|qn| 12 /‖q‖ converges geometrically to a flat metric induced by a meromorphic quartic
differential q′ and we let S′′ = S \S′. Recall that S′ has unit area for the flat metric
|q′| 12 . Choose ǫ > 0 such that the |q′| 12 area of the union B of the balls of radius ǫ
centered at the singularities of q′ is at most δ/2. We observe that
1 =
Area(S, |qn| 12 )
‖qn‖ =
1
‖qn‖
(
Area(S′ \B, |qn|
1
2 ) + Area(B, |qn|
1
2 ) + Area(S′′, |qn|
1
2 )
)
and
Area(S′ \B, |qn|
1
2 /‖qn‖)→ Area(S′ \B, |q′|
1
2 ) ≥ 1− δ/2
hence
Area(B, |qn|
1
2 /‖qn‖) + Area(S′′, |qn|
1
2/‖qn‖) ≤ δ
for n sufficiently large. We now split the domain of integration
ˆ
S
e3ψ2,n−ψ1,ndAgn =
ˆ
S′′
e3ψ2,n−ψ1,ndAgn+
ˆ
B
e3ψ2,n−ψ1,ndAgn+
ˆ
S′\B
e3ψ2,n−ψ1,ndAgn
and proceed to estimate each term. By Lemma 3.8 and Proposition 3.9 we have
1
8‖qn‖
ˆ
S′′
e3ψ2,n−ψ1,ndAgn ≤
1
6‖qn‖Area(S
′′, gn)
≤ 1‖qn‖Area(S
′′, |qn|
1
2 ) +
π|χ(S)|
‖qn‖ ≤ δ +
δ
3
for n sufficiently large as ‖qn‖ → +∞. Similarly,
1
8‖qn‖
ˆ
B
e3ψ2,n−ψ1,ndAgn ≤
1
6‖qn‖Area(B, gn)
≤ 1‖qn‖Area(B, |qn|
1
2 ) +
π|χ(S)|
‖qn‖ ≤ δ +
δ
3
for n large enough. For the last integral, we rewrite it in terms of u1,n and u2,n
1
8‖qn‖
ˆ
S′\B
e3ψ2,n−ψ1,ndAgn =
1
2‖qn‖
ˆ
S′\B
e3u2,n−u1,neu1,n−u2,ndAqn
=
1
2‖qn‖
ˆ
S′\B
e2u2,ndAqn .
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By Corollary 3.13, the sequence u2,n converges to 0 uniformly on S
′\B and dAqn/‖qn‖
converges to dAq′ , hence the integral can be bounded by
1
2‖qn‖
ˆ
S′\B
e2u2,ndAqn ≤
1
2
(
1 +
2
3
δ
)
Area(S′ \B, |qn| 12 /‖qn‖)
≤ 1
2
(
1 +
2
3
δ
)
Area(S, |qn| 12 /‖qn‖) = 1
2
+
δ
3
for n sufficiently large and the estimate in Equation 3.6 follows. 
3.4. Limits of induced metrics. By Proposition 3.2, the induced metrics on max-
imal surfaces are negatively curved, thus we can embed Ind(S) into the space of
geodesic currents. Given an induced metric g, we will denote by Lg the associated
geodesic current. We recall the two main feature of this current:
i) for every curve γ ∈ π1(S), we have ℓg(γ) = i(Lg, δγ), where ℓg(γ) denotes the
length of the unique geodesic representative of γ for g;
ii) i(Lg, Lg) =
π
2Area(S, g) .
We have now all the ingredients to prove our main theorem.
Theorem 3.16. Let (σn, qn) ∈ Q4(S) be a sequence leaving every compact set. Let
gn be the corresponding sequence of induced metrics. Then there is a sequence of
positive real numbers tn and a mixed structure η so that tnLgn → η.
Proof. We distinguish two cases, depending on whether the area ‖qn‖ is uniformly
bounded or not.
First case: sup ‖qn‖ <∞. By Proposition 3.9, the self-intersection i(Lgn , Lgn) is uni-
formly bounded. We notice that, because (σn, qn) leaves every compact set, the se-
quence of constant curvature metrics σn must necessarily diverge. Otherwise, up to
subsequences, we could assume that σn → σ ∈ T(S) and we could write qn = τnq˜n,
where
τn = ‖qn‖∞ := max
S
|qn|2
σ4n
→ +∞
and q˜n converges uniformly to a non-vanishing quartic differential q˜∞ ∈ Q(S, σ∞),
as unit spheres of holomorphic differentials over the thick part of Teichmüller space
are compact. But then we would have
‖qn‖ =
ˆ
S
|τn|
1
2 |q˜n|
1
2 = |τn|
1
2
ˆ
S
|q˜n| 12
σn
dAσn → +∞
because
|q˜n| 12
σn
dAσn →
|q˜∞| 12
σ∞
dAσ∞ 6= 0 ,
which would contradict our assumption that sup ‖qn‖ <∞. Therefore, the sequence
2σn of hyperbolic metrics in the conformal class of gn diverges. Then, by Lemma
3.5, the length spectrum of Lgn is unbounded. Since PC(S) is compact, there exists
a sequence tn → 0 such that tnLgn → L∞. We easily deduce that i(L∞, L∞) = 0,
hence L∞ is a measured lamination, that we can interpret as a mixed structure with
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no flat parts.
Second case: sup ‖qn‖ =∞. By Proposition 3.9, the self-intersection of Lgn diverges
as 4‖qn‖. Since every geodesic current has finite self-intersection, we need to rescale
Lgn at least by
1
2
√
‖qn‖
. Let us denote
Lˆgn =
1
2
√‖qn‖Lgn .
If the length spectrum of Lˆgn is still unbounded, then there is a sequence tn → 0
such that tnLˆgn → Lˆ∞, which has vanishing self-intersection, thus Lhn converges
projectively to a measured lamination.
If the length spectrum of Lˆgn is uniformly bounded, then by Proposition 3.6, the
length spectrum of the unit area flat metrics |qn| 12 /‖qn‖ is uniformly bounded as
well. Thus, from the proof of Theorem 2.5, the geodesic currents Lqn converges in
PC(S) to a mixed structure µ that is not purely laminar. This furnishes an orthog-
onal decomposition (for the intersection form i) of the surface S into a collection of
incompressible subsurfaces {S′j}mj=1, obtained by cutting S along the simple closed
curves γi, for which µ is induced by a flat metric on each S
′
j and is a measure lami-
nation on the complement. Moreover, we can assume that each simple closed curve
γi bounds at least one flat part, induced by a meromorphic quartic differential q˜j.
On each S′j, by Corollary 3.14, the conformal factor of the induced metric gn with
respect to the flat metric 4|qn| converges to 1 uniformly on compact sets outside the
cone singularities of |q˜j| 12 . This implies that
gn
4‖qn‖ → |q˜j|
1
2
uniformly on compact sets outside the zeros and the poles of q˜j. We deduce that on
each S′j, we have
Lˆ∞ = lim
n→+∞ Lˆgn = limn→+∞
1
‖qn‖Lqn = Lq˜j ,
because uniform convergence of metrics implies convergence in the length spectrum
([Ouy19, Proposition 5.3]). In particular, we notice that
lim
n→+∞ i(Lˆgn , δγi) = 0
so that the same collection of curves γi can be used for the orthogonal decomposition
of Lˆ∞. Therefore, we can write
Lˆ∞ =
m∑
j=1
Lq˜j + λ ,
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where λ is a geodesic current supported in the complement of
⋃
j S
′
j. We claim that
λ is a measure lamination: in fact by Lemma 3.15
π
2
=
π
2
lim
n→+∞
Area(S, gn)
‖qn‖ = limn→+∞ i(Lˆgn , Lˆgn)
= i(Lˆ∞, Lˆ∞) =
m∑
j=1
i(Lq˜j , Lq˜j ) + i(λ, λ)
= lim
n→+∞
1
‖qn‖ i(Lqn , Lqn) + i(λ, λ) =
π
2
+ i(λ, λ) ,
so λ has vanishing self-intersection. 
Proof of Theorem A. By Theorem 3.16, we know that ∂Ind(S) ⊆ PMix(S). Consider
now the family of induced metrics gt associated to a ray (σ, tq) ∈ Q4(S) for a fixed
unit area quartic differential. By Lemma 3.8 and the proof of Theorem 3.16, we know
that Lgt converges projectively to Lq as t→ +∞. Therefore, ∂Ind(S) ⊇ Flat4(S) =
PMix(S), which proves the Theorem. 
4. Entropy degeneration
In this section we study the behavior of the volume entropy of the maximal sur-
faces along rays of quartic differentials. We will show that the entropy is maximal
at the Fuchsian locus and monotonically decreases to zero along a ray.
We start with some background material. Let g be a Riemannian metric on S,
possibly with cone singularities, and denote by g˜ its lift to the universal cover S˜. Fix
a base point p0 on S˜. The volume entropy of g can be defined as
Ent(g) = lim sup
r→+∞
log(#{p ∈ S˜ | p ∈ (π1(S) · p0) ∩Bg˜(p0, r)})
r
,
where π1(S) · p0 denotes the orbit of p0 under the action of π1(S) by deck transfor-
mations. It follows immediately from the definition that the volume entropy enjoys
a scaling property: for any t > 0,
Ent(tg) = t−1Ent(g) ,
and a monotonicity property: if h is another Riemannian metric such that h ≤ g,
then
Ent(g) ≤ Ent(h) .
These facts are already sufficient to show the asymptotic behavior of the volume
entropy of the maximal surfaces along a ray:
Proposition 4.1. Let gt be the induced metrics on the maximal surfaces associated
to the parameters (σ, tq) ∈ Q4(S) for some q 6= 0 and t ∈ R. Then
lim
t→+∞Ent(gt) = 0 .
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Proof. By Proposition 3.7, we know that gt ≥ 4t 12 |q| 12 , hence
0 ≤ Ent(gt) ≤ Ent(4t
1
2 |q| 12 ) = t− 12Ent(4|q| 12 ) t→+∞−−−−→ 0 .

In order to improve this result to Theorem C, we need the following useful formula
for the variation of the volume entropy along a path of smooth Riemannian metrics:
Theorem 4.2 ([KKW91]). Let gt be a smooth path of negatively curved Riemannian
metrics on a closed manifold S. Then
d
dt
Ent(gt)|t=t0 = −
Ent(gt0)
2
ˆ
T 1S
d
dt
gt(v, v)|t=t0dµt0 ,
where µt0 denotes the Bowen-Margulis measure on the unit tangent bundle T
1S of
(S, gt0).
Because the induced metrics gt can be written as gt = 4e
ψt
1
−ψt
2σ, with ψt1 and ψ
t
2
being the solutions to the system{
∆σψ
t
1 = e
ψt1−ψt2 − e−2ψt1‖tq‖2σ + 34κ(σ)
∆σψ2 = e
2ψt
2 − eψt1−ψt2 + 14κ(σ)
, (4.1)
Theorem C follows if we show that ψt1−ψt2 depends smoothly on t and its derivative
is always positive. This is the content of the next two lemmas.
Lemma 4.3. For any (σ, q) ∈ Q4(S), the solutions (ψt1, ψt2) to the system (4.1)
depend smoothly on t ∈ R.
Proof. Consider the map F : C2,α(S)×C2,α(S)×R→ C0,α(S)×C0,α(S) defined by
F (u1, u2, t) =
(
∆σu1 − eu1−u2 + e−2u1‖tq‖2σ − 34κ(σ)
∆σu2 − e2u2 + eu1−u2 − 14κ(σ)
)
.
Note that the solution (ψt1, ψ
t
2) to Equation (4.1) satisfies F (ψ
t
1, ψ
t
2, t) = 0. At any
t0 ∈ R, the linearization
dF(ψ1,ψ2)(ψ
t0
1 , ψ
t0
2 , t0) : C
2,α(S)× C2,α(S)→ C0,α(S)× C0,α(S)(
ψ˙1
ψ˙2
)
7→
[
∆σ +
(
−eψt01 −ψt02 − 2eψt01 ‖t0q‖2 eψ
t0
1
−ψt0
2
eψ
t0
1
−ψt0
2 −2e2ψt02 − eψt01 −ψt02
)](
ψ˙1
ψ˙2
)
is a negative definite operator ([LGMM94]), hence invertible. By the Implicit Func-
tion Theorem for Banach spaces, the solution to Equation (4.1) depends smoothly
on t in a neighborhood of t0. 
Lemma 4.4. For every t0 > 0, we have
d
dt
(ψt1 − ψt2)|t=t0 := ψ˙
t0
1 − ψ˙t02 > 0
at every point on S.
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Proof. It is shown in [DL20, Proposition 4.1] that, if 0 < t1 < t2, then gt1 < gt2
pointwise. At any point p ∈ S, the function (ψt1 − ψt2)(p) is then increasing for
t ∈ R+ and smooth by Lemma 4.3, thus it has positive first derivative. 
Proof of Theorem C. For every unit tangent vector v, we have
d
dt
gt(v, v)|t=t0 = 4e
ψ˙
t0
1
−ψ˙t0
2 gt0(v, v) > 0
by Lemma 4.4. Because the induced metrics gt on the maximal surfaces are negatively
curved by Proposition 3.2, we can apply Theorem 4.2 and deduce that the volume
entropy of the maximal surfaces strictly decreases along a ray, since the Bowen-
Margulis measure is positive on all non-empty open sets. 
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